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Abstract
W e com pute correlation functions in N = 2 non criticalsuperstrings on the
sphere. Our calculationsare restrained to the (s = 0)bulk am plitudes. W e show
thatthefourpointfunction factorizesasa consequenceofthenon-criticalkinem at-
ics,but dierently from the N = 0;1 cases no extra discrete state appears in the
c^! 1  lim it.
* perm anentadress
1
CriticalN=2 stringshave been recently considered by severalauthors1;2;3.Ooguri









ik X (z)+ ik X (z)
whereX ,X ,arethecom plex m attersupereldsand theon shellcondition isgiven
by k  k = k1k1   k2k2 = 0 . As it turns out,the four point function vanishes
for the criticalN = 2 superstring theory1. It seem s to be true that the higher
functionsdo also vanish in the criticaltheory. Thisresulthasbeen obtained asa
consequence ofthekinem aticsin 2+2 dim ensionalspace-tim e.Asa m atteroffact,
thisvanishing wasalready expected,asargued by Ooguriand Vafa.Indeed,N = 2
superstringsare extrem ely sim ple string theories.Otherstring theoriespresentan
innitetowerofparticles,which should appearasbound statesin thecriticalstring
scattering am plitudes,asisthe case ofthe Veneziano am plitude. However,in the
N = 2 string,there is only a m assless,scalar particle;the only way ofobtaining
consistency with the Veneziano am plitude and to avoid the innite towerofstates
seem sto bethrough thevanishing oftheam plitude.Thisisactually whathappens.
Thereareseveralim plicationscom ingoutofthisvanishingofhigherpointfunctions
asdiscussed in [1].
Nevertheless,even criticalN = 2 strings are worthwhile studying. In fact,
N = 2 theories are im portant objects in the study of integrable theories, and
string vacua4;5. M oreover,there seem s to be a strong relation between selfdu-
ality in fourdim ensionsand integrability6,a factthathasextrapolated thebarrier
ofdim ensionality7. Finally,we should m ention that there is a deep relation be-
tween integrablem odelsand deform ationsofconform ally invarianttheories8,which
although very interesting willnotconcern usin thepresentwork,butwhich m ight
be im portantforN = 2 in orderto understand the string vacuum .
Ourpresentaim istoconsiderthenon criticalN = 2string theory.Thism ight
be seen as a generalization ofprevious eorts to understand string theories away
from criticality9  18. W e willbe actually concerned with a N = 2 m atter super-
m ultiplet with c^  1(c = 3c^) in a super Coulom b gas representation conform ally
coupled to a N = 2 superliouvilletheory.However,asweshallsee,thepresentcase
containsa num berofnew technicaldiculties,which in partisdueto theabsence
oftheso called \barrier" in thecentralcharge.In fact,both criticalpointscoalesce,
and the criticaland non criticaltheories display a unique am algam ation oftheir
properties,enhancing the dicultiesin obtaining closed results.
1
The appearance ofLiouville theory asa byproductofthe integration overm atter
eldsin a gravity background (aswellasitssupersym m etric extension)isby now
a very established issue19  21. In the case ofN = 2 com plex superLiouville (SSL)
theory interacting with a gravitationaleld we considertheaction









































X X + 2i0Y^ (X + X )
i
(1)
The supereldsX ;(X ;)arechiral(antichiral)and wehave explicitly:
X (z;z;  ;
 
)= x(Z;Z)+  R (Z;Z)
  +  L(Z;Z)
 




)= ’(Z;Z)+ R (Z;Z)
  + L (Z;Z)
 
+ F (Z;Z)  
 
(2)
where ( )y = 





. The quantity Y^ stands
for the N = 2 supercurvature supereld and E^ for the superdeterm inant ofthe
superzweibein.
Aftersetting  = 0 in SSL we have the following expression forthe lastcom -
ponentofthesuperenergy m om entum tensor(holom orphicpart):















: R @ R :+
1
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: R @ R :+i0@
2(x + x)
(3)
Therstcom ponentofthesuperenergy m om entum tensorisgiven by theU (1)
current5 which generatestheU (1)sym m etry ofN = 2 supersym m etricm odels.For
the (holom orphic)partofthiscurrentswe have:











: R  R :+i0@(x   x) :
(4)
The propagatorsofthe com ponenteldscan beread from thekineticterm of(1):
hx(z)x(w)i= h’(z)’(w)i= lnjz  wj  2
h R (z) R (w)i= hR (z)R (w)i= 2(z  w)
  1




Following[22]wex Q in (1)im posingthevanishing ofthetotalcentralcharge
cT = cSL + cM + cghosts = 0 ;
cSL = 3(1+ 2Q
2) ;
cM = 3bc;bc= 1  8
2
0 ;
cghosts =  6 ;
(6)
Thuswehave:
Q = 2j0j (7)
where we chose Q to be real;thiscorrespondsto a choice ofphases,asone readily
veries.
The constants  and  in eq. (1) can be xed im posing that the operators
e and e have dim ension (1/2,1/2)(because ofthe double integration overthe































Note that the operator e (e ) is chiral(antichiral) since it satises the
chirality condition  = +q( =  q), where the U (1) charge q ofa ’ eld is




+    (10)
Itiseasy to check thatthe valuesof and  in eq.(9)assure vanishing U (1)
charge forthe action SSL asrequired,with the basic assignm entsq(d
+ )= 1=2 =
 q(d  ).Therefore the solution (9)isclearly a consistentone.
Afterhaving xed theaction,wem ustspecify thevertex operatorstocalculate
correlation functions. For com parison with the critical1 case we shallbe concen-
trated in vertex operatorswhich aretheanalogousofthetachyon vertex operators
in the N = 0;1 cases. However in the noncriticaltheories the operators m ust be













i(kx+ kx)+ ’+ ’











Noticethatwehaveused on shellexpressions(with  = 0)forthesupereldsX (X ):
X = x(z;z)+  R (z)










X = x(z;z)   R (z)
+
   L (z)
+





and analogously for ;. In equation (11) the com plex dressing  is xed as a
function ofthe com plex m om entum k by im posing that the vertex V (k;k) be a















( + Q ) 
1
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Q (   )+ 0(k  k)= 0 : (13)






















In this paper we assum e the positive sign solution which isequivalent to positive
energy particles.Theequation (13)xesthe im aginary partof.














i(k x+ k x)
 [ik @x   ik @x   (k  R )(k  R )][ik @x   ik  @x   (k  L)(k  L)]
(15)
where the scalarproductisdened by a b= a1b1 + a2b2 and k = (k; i),k =
(k; i),X = (X ;’),X = (X ;’),x = (x;’),x = (x;’), R (L ) = ( R (L );R (L )),
 R (L ) = ( R (L );R (L )). Notice that the second com ponent ofthe vector k is not
the com plex conjugate ofthe second com ponentofthe vectork in the non critical
case
W e arenow ready to com pute correlation functions













i(kiX i+ kiX i)+ ii+ ii
+
SM + SS L
(16)
 W e use thesam e sym bolforthe two com ponentvectorand foritsrstcom ponent;therewill
be no room forconfusion since the two com ponentvectorwillonly appearinside scalarproducts,
denoted by a dot.
4
Therststep isto integrateoverthetwo zero m odesx10;x
2
0 oftherstcom po-
nentofthe m attersupereld (x = x1 + ix2). The resultgivesthe conservation of




ki = 20 (17)
The next step is the integration over the Liouville zero m odes9;10 ’10;’
2
0 (’
= ’1 + i’2)thisism ore
delicatein theN = 2 case.Ifwenaively integrateover’10 and ’
2
0 in eq.(16)we
havea divergentresult.Itisnotclear23 how thisdivergenceshould beregularized.
W eoptform aking a W ick rotation in thezero m odessuch that’0 and ’0 becom e











































i+ Q ). Although our regularization
is rather ad’hoc we believe that our results for s = 0 = s bulk am plitudes are








W e start by looking at the n = 3 point function. After xing the residual














ik2 x(1)[ik @x   ik @x   (k  R )(k  R )]









cij = ki kj   ki kj
= kikj   kikj   ij + ij
(21)
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. In orderto rewrite A 3 in a








cij holds in the critical
1 case as a consequence ofthe
m om entum conservation and the on shellcondition k  k = k1k1   k2k2 = 0. Itis
rem arkablethat(22)holdsalso in thenon criticalcaseasa consequenceofthezero
U (1)currentcondition (13).
W e assum e from now on that0 < 0 in thiscase we havefrom (13)and (14)
(k)=

k ,if <ek = k+ k
2
> 0
20   k ,if <ek < 0
(23)
therefore
k k = kk   =

0 ,if <ek > 0
40(<ek   0) ,if <ek < 0
(24)
Using allthese kinem atic relations we m ay write A 3 from (17) in the region








(k2  k2)(k3  k3) (25)
where =m k = ( i)
(k  k)
2
. The am plitude vanishes forany otherkinem atic region,
whereatleasttwom om entasatisfy Rek > 0 and aretherefore\on shell"(k k = 0)
in thecriticalsense.Itshould bestressed thattheam plitudeA 3 in thecriticalcase
1
hasthesam e form (17)butitcannotbewritten in a factorized form asin (25).




























 (\h.c." ) (26)
where s=  2s34 ;t=  2s23 and sij = ki kj + ki kj.Theherm itian conjugated
partabove correspondsto the previousterm inside the bracketswith z instead of
 The calculationsfor0 > 0 are com pletely analogous.
 O ur denition ofs and tcorrespond to twice ofref.[1]because theirpropagator correspond
to halfofours(see (5))
6
z.Notethatitisnotreally theherm itian conjugated expression sinceki isnotthe
com plex conjugated ofki aswestressed before.
After perform ing the integrals in (26) using form ulas of ref.[1]and m aking
algebraic m anipulations which are consequence ofkinem atic relations com m on to
the criticaland noncriticalcaseswehave:




2(s 34)(s 14)(s 24) (27)
where
F = [(k1  k2)(k2  k3)(k3  k1)+ \h.c."] (28)
and (x)=  (x)= (1  x).
The expression (27) is essentially the sam e one derived in criticalcase,the
dierence now com es from the fact that after xing the kinem atic region <ek1,












In theabovekinem aticregion wealsoobtain si4 =  (ki ki),thereforewecan nally












(1  k i ki): (30)
As in the case ofthe 3-point function (A 3),it can be shown that A 4 vanishes in
any kinem aticregion where atleasttwo m om enta satisfy <ek > 0.
In thecriticallim it c^! 1(0 ! 0)we have (1  k iki) 0 thus,






Ifwe absorb the factor1=2 (= 420)in the m easure ofthe path integralthe am -
plitudeA 4 divergeslike1=0 ,otherwisetheam plitudevanishesA 4  0 asin the
criticalcase1. It should be noticed,however,that the factor 1=2 (which com es
from thedoublezero m odeintegrals)m ustbeabsentin A 3 (see(17))ifwewantto
obtain the criticalresultin the 0 ! 0 lim it,otherwise we would have a vanishing
3-point coupling. Thus we can notobtain both A 3 and A 4 ofthe criticalcase in
the 0 ! 0 lim it(see conclusion).
For c^ < 1 the interesting m odelsare the m inim alonesand in these casesitis
easy to show thatthe functions(1  k i ki)have no poles(orzeroes)thus,they
can be sim ply absorbed in the denition ofthe vertices V (k;k) exactly as in the
7













ofthe N = 1 and N = 0 cases
respectively,in the sense thatallthese factorsbecom e (1)= 0 forcongurations
with zero energy (E = <e +
Q
2
= 0)which sho wsthedecoupling ofsuch states24.
C onclusions
W ehavecalculated thethreeand fourpoint(s= 0)bulk am plitude,in a non-
criticalN = 2 superstring consisting ofa N = 2 m attersuperm ultipletwith central
charge c^ 1(c= 3c^)conform ally coupled to an N = 2 superLiouville theory.W e
haveshown thatboth am plitudesm ay bewritten ,in acertain kinem aticregion,in a
factorized form .Forotherkinem aticregionstheam plitudesvanish.M oreoverafter
a suitablerenorm alization ofthem easureofthepath integralwerecovertheresult
for the three-point am plitude ofthe criticalcase1 in the lim it 0 ! 0(^c ! 1
  ).
There is,however,an am azing dierence with respect to the criticalstring when
we look atthe four-pointam plitude in the sam e lim it,nam ely,we geta divergent
result(A 4  1=0)rather than a vanishing one
1. The dierence with the critical
casecan beexplained asfollows,theprefactorF in (29),which vanishesidentically
in the criticalcase1,goes to zero in the criticallim it (F  0) but its vanishing
is supressed by the poles ofthe functions ( k i ki)(( k i ki) 1=0) which
usually correspond tointerm ediatestates,such polescancelin thecriticalcasebut
they show up in the non criticalone as a direct consequence ofthe non analytic
structure ofthe dispersion relation (14) which perm ited to x com pletelly,in a
certain kinem atic region, the realpart of the m om enta of one of the scattered
particles(in ourcase <ek4 =  0).Thism eansthattherem ay notexista sm ooth
lim itfrom the non criticalto the criticalcase. W e should also m ention that itis
possible to redene the vertices V (k;k)and the path integralm easure by powers
of0 such that the am plitudes becom e nite in the 0 ! 0 lim it. In order to
conclude the discussion about the c^ ! 1  lim it we rem ark that whatever is the
correctinterpretation ofA 4 wedo nothaveextra discretestatesasin theN = 0;1
casesand thisisexpected since thespectrum ofcriticalN = 2 string isnite.
For c^ < 1 the eectofthe functions( k i ki)isasm ild asin the N = 0;1
casesand thes= 0 am plitudesarebasically given by the factor(ln)2.
Severalaspects ofour results are stillunclear and a m ore carefullanalysisis
needed,wich would im ply thecalculation ofhigherpointam plitudesaswellass6= 0
correlators,thisisunderprogress.
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 Since 0 workslike an infrared cut-o in non-criticalcalculations
13 we m ighteven speculate
thatsuch polescorrespond to the exchange ofthe m assless particle presentin the criticaltheory.
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